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A RIEMANNIAN MANIFOLD WITH SKEW-CIRCULANT
STRUCTURES AND AN ASSOCIATED LOCALLY CONFORMAL
KAHLER MANIFOLD

DIMITAR RAZPOPOV AND IVA DOKUZOVA

ABSTRACT. A 4-dimensional Riemannian manifold M, equipped with an addi-
tional tensor structure S, whose fourth power is minus identity, is considered.
The structure S has a skew-circulant matrix with respect to some basis of the
tangent space at a point on M. Moreover, S acts as an isometry with respect
to the metric g. A fundamental tensor is defined on such a manifold (M, g, S)
by g and by the covariant derivative of S. This tensor satisfies a character-
istic identity which is invariant to the usual conformal transformation. Some
curvature properties of (M, g,S) are obtained. A Lie group as a manifold
of the considered type is constructed. A Hermitian manifold associated with
(M, g, S) is also considered. It turns out that it is a locally conformal Kéhler
manifold.

1. INTRODUCTION

The classification of almost Hermitian manifolds with respect to the covariant
derivative of the almost complex structure J is made by Gray and Hervella in
[6]. The Hermitian manifolds form a class of manifolds with an integrable almost
complex structure J. Their subclass consists of the so-called locally conformal
Kahler manifolds, determined by a special property of the covariant derivative of
J. The class of Kahler manifolds is common to all classes in this classification
and its manifolds have the richest geometry. The K&hler manifolds are extensively
studied by many geometers. There is also a great interest in the study of locally
conformal K&hler manifolds, since their structure J satisfies similar but weaker
conditions than those of Kahler manifolds. Some of the recent investigations of
locally conformal Kéhler manifolds are made in [TI, [3] [7, @] 111 [12].

Problems in differential geometry of a 4-dimensional Riemannian manifold M
with a tensor structure S of type (1, 1), which satisfies S* = —id, are considered in
[]. The matrix of S in some basis of the tangent space T, M, at an arbitrary point
p on M, is skew-circulant. Moreover, S is compatible with the metric g, so that
an isometry is induced in 7,,M. A Hermitian manifold (M, g, J), where J = 52| is
associated with such a manifold (M, g, .S).

In the present work we continue the study of (M, g, .5) and (M, g, J). In Section[2]
we recall some necessary facts about these manifolds. In Section Bl we compute the
components of the fundamental tensor F on (M,g,S) determined by the metric
g and by the covariant derivative of S. We obtain an important characteristic
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identity for F. We establish that the image of the fundamental tensor with respect
to the usual conformal transformation satisfies the same identity. In Section Ml
we find some curvature properties of (M,g,S). In Section [}l we establish that
the associated manifold (M, g,J) belongs to the class of locally conformal K&hler
manifolds. In Section [l we construct a Lie group with a Lie algebra of a special
class as a manifold with the structure (g, S).

2. PRELIMINARIES

We consider a 4-dimensional Riemannian manifold M equipped with a tensor S
of type (1,1). The structure S has a skew-circulant matrix, with respect to some
basis {e;} of T, M, given by

0 1 0 0
(| 0 0 1 0
-1 0 0 0
Then S has the property
S* = —id.
The metric g and the structure S satisfy
(2) 9(Sz, Sy) = g(z,y), z,y € X(M).

The above condition and () imply that the matrix of ¢ has the form:
A B 0 -B

B A B 0
(3) (gij) = 0 B A B
-B 0 B A

Here A and B are smooth functions of an arbitrary point p(z!,z2, 23, 2%) on M.
It is supposed that A > /2B > 0 in order g to be positive definite. The manifold
(M,g,S) is introduced in [4].

Anywhere in this work, x, vy, z, u will stand for arbitrary elements of the algebra
of the smooth vector fields X(M) or vectors in the tangent space T, M. The Einstein
summation convention is used, the range of the summation indices being always
{1,2,3,4}.

In [4], it is noted that the manifold (M, g,J), where J = S?, is a Hermitian
manifold with an almost complex structure J. For such manifolds Grey-Hervella’s
classification is valid ([6]). This classification is made with respect to the covariant
derivative of the K&hler form J(z,y) = g(x, Jy). The almost Hermitian manifolds
with an integrable structure J are called Hermitian manifolds. Their subclass of
locally conformal Ké&hler manifolds is determined by the property

9(Va)y. ) =5 {(9(z,9)2) — gl 2)o(y) + (2, Ty ()
~gla, T2}, wlx) = gU9((VeiT)es ).

Here V is the Levi-Civita connection of g, and g™ are the components of the inverse
matrix of (g;;) with respect to the basis {e;} of T,M.

It is known that the class of 4-dimensional locally conformal K&hler manifolds is
non-trivial. Every Kahler manifold belongs to the class of locally conformal Kahler
manifolds ([6]).

(4)



Now we consider an associated metric g with g on (M, g, S), determined by

() 9(x,y) = g(x,Sy) + g(Sz,y).
The fundamental tensor F' of type (0,3) and the 1-form 6 are defined by

(6) F(z,y,2) = (Vad)(y,2), 0(x) = g7 F(ei e, ),
and F' has the property
(7) F(z,z,y) = F(z,y,2).

If FF = 0, then the structure S is parallel with respect to V. The following
necessary and sufficient conditions for S and also for J = S2 to be parallel structures
with respect to V are established in [4].

Theorem 2.1. The manifold (M, g,S) satisfies VS = 0 if and only if
A1 =By — By, Ay=DB1+Bs, A3=DBy+ By, Ays=B3— By,
0A 0B

where e B
Theorem 2.2. The structure S on (M, g, S) satisfies VS = 0 if and only if VJ = 0,

i.e. (M,g,J) is a Kahler manifold.

3. THE FUNDAMENTAL TENSOR F' ON (M, g, S)

In this section we obtain a characteristic property of the tensor F' on (M, g, S),
which is an analogue of the property ) of V.J on (M, g, J). For this purpose we
calculate the components of F'.

Lemma 3.1. The components F;;i, = F(e;, ej,ex) of the fundamental tensor F' on
the manifold (M, g,S) are given by

Fii1 = Ay — Ay — 2By, Fi1z = Fiis = 5(As — By — By),
Fiao = F320 = By + B3 — Aa, Fii3 = —Fs94 = 3(As + Ay — 2B3),
Fiz3 = F311 =0, Fi34 = —F123 = 5(A3 — B2 — By),
Foi1 = —Fy1 =By — By — A1, Fiag = Fsi3 = $(As — 2B1 — Ay),
Fago = A1 — 2By + Az, Fng = —Fyu = 5(2By — A1 — As),
(8) Foyq = Fuo0 =0, Frp = Foiu = 5(Bs — By — Ay),
Fa33 = Fuz3 = By + By — As, Fyzy = —Fpo3 = 3(Bs — By — Ay),
F333 = —2B3 + As + Ay, Faoy = Fing = 5(As — 2By — Ay),
F315 = F314 = 5(By — By — A1), Fsgs = —Fp3 = 5(By — By — A1),
Fiyy = —Fiyy = Bs — By — Ay, Fyp = Fjus = 5(As — By — Bs),
Fig = —2B4 — Ay + 43, Fisq = —Fy23 = 3(Ay — By — Bs).

Proof. The inverse matrix of (g;;) has the form:
A -B 0 B
1{-B A -B 0
iky _ —
B 0 -B A

where D = A% — 2B2,



Using () and (B]) we get that the matrix g, determined by (&), is of the type:

2B A 0 -4
- A 2B A 0
-A 0 A 2B

Due to (@) the components of F' are Fjjx = V;g;5. We apply to § the following
well-known formula for the covariant derivative of tensors:

(11) Vigjk = 0igjk — I'f;Gak — I'.9a;-

Here I';; are the Christoffel symbols of V. They are determined by

(12) 2%, = g (0i9aj + 0j9ai — 0agij)-

Then, with the help of @), @), (@), @), (I0) and (1) we calculate the components
of F, given in (§). O

Immediately, we have the following

Corollary 3.2. The components 0, = g" F(e;, e;, ex) of the 1-form 6 on the man-
ifold (M, g,S) are expressed by the equalities

2

01 = E(A(Ag — Ay —2By) = 2B(B; — By — Ay)),
. 02 = = (A(A1 + A5 — 2By) — 2B(B1 + By — 42)),
03 = %(A(A2 + Ay — 2B3) + 2B(By + By — A3)),
0, — %(A(A3 A, —2B4) +2B(Bs — By — A)).
Proof. The proof follows from () and (@) by direct computations. O

Corollary 3.3. The components 0} = g“F(e;,Sej,ey) of the 1-form 6* on the
manifold (M, g,S) are expressed by the equalities

2
07 = 5 (A(By — By — A1) = B(Ay — Ay = 2B1)),
2
63 = 5 (A(B1 + Bs — A2) = B(A1 + 43 — 2By)),
(14) 2
05 = 5 (A(B2 + Ba — A3) — B(Az + As — 2By)),
2
0; = 5 (A(Bs — By — As) = B(A3 — Ay —2By)).
Proof. Using ), @) and (@), we find (I4]). O

Having in mind Lemma Bl Corollary and Corollary B3] we get the next
statements.

Theorem 3.4. The fundamental tensor F' on the manifold (M, g,S) satisfies the
identity

F(x,y,2) :i{g(x,y)@(z) + g(z,2)0(y) + (9(Sz,y) + g(x, Sy))0*(2)
+ (Q(va Z) + g(ZE, SZ))G* (y)}

(15)



Proof. Using M), @), @), (I0), (I3) and () we obtain
1 ~ ok o~ ot
(16) Fiij = Z(gkjei + gritj + gi;0; + gkioj)a
which is equivalent to (I3)). O

Theorem 3.5. The fundamental tensor F' on the manifold (M, g,S) has the prop-
erty

(17) F(z,Jy,Jz)+ F(y,Jz,Jx) + F(z,Jx, Jy) =0,
where J = S2.
Proof. Due to (@), (@), (@) and (8) we get that ([I7) holds true. O

Theorem 3.6. Under the conformal transformation
(18) 9(z,y) = ag(z,y),
where o is a smooth positive function, the tensor F' is transformed into the tensor
— 1, — _ — _ _ —x
F(z,y,2) ={9(z,9)0(2) + 3(w, 2)0(y) + (§(Sz, y) + g(x, 5y))8 ()
((Swz—l—ng’z)g )}
2

(19)

with?z@—i—zdaO(S—S?’) and 9 = 0* — da
«

Proof. The inverse matrix of (§;;) has the form

9B A 0 -A
11 A4 —2B 4 0
~iky _ _—
(20) @=3551 0 4 2B 4

—-A 0 A -2B
Bearing in mind @), @), (I0) and @0), we get

~ s s ~1S 1 s
(21) 959" = %5, 959" = 595,
where
0 1 0 -1
o [ 1 01 0
(22) @)=10 10 1
-1 0 1 0

Because of () and (22 we have ® = S — S3.
Now, from ([I3), (Id)) and 22), we find

(23) 0F = —=B50,.

According to the transformation (8], the components of the tensor F are Fj; =
Vzgj 4, Where § = o and V is the Levi-Civita connection of g. Therefore, it follows
(24) V §g=aVj+ gVa.

From the Christoffel formulas (I2)) and

ol —ks —
2Fij k (8 gs; + ajgsz - asgij)a



and due to ([I8) we get

Oa

—k k

1
%(5;90% +0fay — gijg*as),  as =
Then, applying () to V§ and using (21]), we obtain

1 N
—(Gjicu + Giwej — gi; i)

Vigji = Vigji — 7

(25)

1 . -
- g(gkjai + Gijor — gik®jas).

Substituting [25) into @24]), and taking into account (I6), @I, 22) and 23]), we

get

= = 1
Vg =={agr; (0; 3) + agri (0, %)
4

+ agr; (07 — 71) + agri (05 — Tj)},

which implies

— 1
ijz _Z(gkje +gk19 +gk391 +gk10_])
_ * 1
0, =0+ ~@jas, 0; = —5;0,
Thus, for (M,g,S), the identity (9] is valid . O

Remark 3.7. According to Theorem B.6, we can say that (M,g,S) and (M,g,S5)
belong to classes of the same type, defined by the equality (5] for the corresponding
metric.

Immediately, from (@), @), (9) and 1)) it follows
Corollary 3.8. If F =0 holds, then it is valid

F(z,y,2 =—{g Ja(®z) + g(x, 2)a(Py) — §(z, y)a(2)
- g(z, )a(y)}-

(26)

Next, we obtain
Corollary 3.9. If F = 0 holds, then F vanishes if and only if a is a constant.
Proof. The local form of (26) is

— 1 B B
(27) Frij = 3 (gkjfl)f()és + gki‘b;as — JkjO — gkiaj).
Let the tensor F vanish. Hence equality (27) yields
gkjfl)fozs + gki‘b;as — gkjoy — gric; = 0.

Contracting by ¢g*/ in the latter equality, and using (2I)) and 22)), we find ®{a; = 0,
which implies a1 = as = a3 = a4 =0, i.e. ais a constant.
Vice versa. If « is a constant, then ([27) implies F' = 0. O



4. SOME CURVATURE PROPERTIES OF (M, g,S)

It is well-known, that the curvature tensor R of V is defined by
R(z,y)z2 =V,Vyz -V, V2 — V[ 2.
The tensor of type (0,4) associated with R is defined as follows:
R(z,y,2,u) = g(R(z,y)z, u).

The Ricci tensor p and the scalar curvature 7 with respect to g are as usually:
(28) p(y.z) = gV Rleiy, 2, ¢5), 7= g"plei, ).

In this section we investigate some curvature properties of (M, g, .S), correspond-
ing to the metric g and to the associated metric g.
_ Let T" be the Christoffel symbols of g and V the Levi-Civita connection of g. Let
R be the curvature tensor of V. The Ricci tensor p and the scalar curvature 7 with
respect to g are given by
(29) Ay, 2) = G Rlei,y, 2, €5), 7 =3 p(es, e5).

Let us denote
(30) ™ =gYpleivej), 7 =gYp(ei,e;).
Therefore we establish the following
Theorem 4.1. Let § be the associated metric with g on (M,g,S). For the Ricci

tensors p and p and for the scalar quantities 7, 7, T and T* the following relation
is valid:

(31) pe,) = pla,y) + 37— Tgle,y) + 0~ 7)),

Proof. From (), applying the Christoffel formulas (I2) to T' and also to I', we
obtain

~ 1
k k ~ks (.~ ~ ~
Iy =15+ 59 (Vigjs + VGis — VsGiz)-
Substituting (I6]) into the above equality, we get

T 1 s ~ %
(32) Ffj = F?j + ng (9ij0s + Gis0%).-
Using (210), (22) and 23) we find
1
(33) g0 = =0, gOT = =50, Gul" = 20, Gok0™* = ~Oy.

Bearing in mind @2)), the first and the second equality of [B3]), we calculate the
components of the tensor T = I' —I" of the affine deformation. They are as follows:

1, . 1.
(34) T} = _Z(gije "t §9ij9k)-

For the components of the curvature tensors R and R, it is well-known the
relation R
Rl = R+ VTl =V TS + TATY, =TT

7S (yE} istaj ijas*

Then, taking into account [I6]), 23), B3) and B4), we calculate

- 1 1 1 1
k _ pk *xk * nxk *k * nkk
Ri;s =R — Zgis(vje - Zejo )+ Zgij(vse — 1959 )
1 1 1 1
— —Gis(V;0% — 20,;0"%) + —§,;(V.0% — 20,6%%).
89 (VJ 4 )+ SQJ(V 4 )



By contracting k¥ = s in the latter equality, and having in mind (I8), I), @3)),
E5), @9) and @), we get

~ 1 *S 1. s
(35) pij = pij + 791 V0 + 15i V0",
Due to (1)), 28), @3), B0) and B3) we obtain
~ 1 ~ % 1 ~ *\ ~
pij = pij + 5 (7" = 7)gij + - (F = 77)3ij,
4 4
which is a local form of (3I]). O

Further, we use the following statements for a special basis of T, M on (M, g, S),
which are established in [4].

(i) A basis of type {S3z, Sz, Sz,z} of T,M exists and it is called an S-basis.
In this case we say that the vector x induces an S-basis of T, M.

(ii) If a vector x induces an S-basis and ¢ is the angle between x and Sz, then

(36) g(@, Sz) = g(z,x)cosp,  §lx,z) = 2g(x, ) cos o,

and I < ¢ < 3T,

(ili) An orthogonal S-basis of T, M exists.

Now, we recall that the Ricci curvature, with respect to g, in the direction of a
nonzero vector x is the value

() = P& 2)
(37) @) = @)

Due to Theorem [Tl we establish the following

Corollary 4.2. Let a vector x induce an S-basis of T,M and let ¢ be the angle
between x and Sx. If r and 7 are the Ricci curvatures in the direction of x with
respect to the metrics g and g, then

1 1 1
(38) 7(z) = r(x
2cosp 8cosy

-1+ 36T e #
Proof. The proof follows directly from (B1)), (36]) and @B1). O

S

4

In [4], a Riemannian manifold (M, g,S) is called almost Einstein if the metrics
g and g satisfy
(39) p(x,y) = Bg(x,y) +74(z,y),

where 8 and « are smooth functions on M.
It is known that a Riemannian manifold (M, g) is called Einstein if the metric g
satisfies

(40) p(x,y) = Bg(z,y).

Proposition 4.3. Let the Levi-Civita connection V of § be a locally flat connection
on the manifold (M, g,S). Then the following statements are valid.
(i) (M, g,S) is an almost Einstein manifold, and the Ricci tensor p has the form

(a1) ow9) = Tole,y) + Lot )



(i1) If a vector x induces an S-basis, then the Ricci curvatures in the direction
of the basis vectors are

*

(42) r(z) = r(Sz) = r(8%z) = r(S*z) = = + % cos g,

4
where ¢ = £(x, Sx).

Proof. If V is a locally flat connection, then R = 0. From 29) and (0) it follows
p=0and 7 =7 = 0. Hence (BI)) implies [@I]). Therefore, according to ([B9), we
have that (M, g,S) is an almost Einstein manifold.

Since p is given by [ Il), using (@) and (&), we obtain

p(z, ) =p(Sz, Sz) = p(S*z, S%x) = p(S°z, $°x)
(43) T -
= Totw.x) + i),

Let a vector z induce an S-basis. Hence equalities (36), (37) and @3] imply (42).
O

Corollary 4.4. Let (M,g,S) be an Einstein manifold. If a vector x induces an
S-basis, then the Ricci curvatures in the direction of the basis vectors are

r(z) = r(Sz) = r(S*z) = r(S%z) = %
Proof. By comparing (I and @) we have that 7* vanishes. Thus the above
equalities follow directly by substituting 7* = 0 into (42]). O

In a similar way to Proposition we prove the next

Proposition 4.5. Let the Levi-Civita connection V of g be a locally flat connection
on the manifold (M, g,S). Then the following statements are valid.
(i) (M, g,S) is an almost Einstein manifold and the Ricci tensor p has the form
i‘_*

plr,y) = Zé(l’, y) + zg(xvy)-

(i) If a vector x induces an S-basis, then the Ricci curvatures in the direction
of the basis vectors are

F(z) = #(Sz) = 7(S%z) = 7#(S%z) =

5. A LOCALLY CONFORMAL KAHLER MANIFOLD (M, g, J)

The fundamental Kéahler form of the structure (g, J) on an almost complex man-
ifold (M, g, J) is determined by

(44) J(x,y) = g(x, Jy)

and it is skew-symmetric, i.e. J(z,y) = —J(y,z) ([6]).
In this section we consider a Hermitian manifold (M, g, J) with a complex struc-
ture J = S2.



Lemma 5.1. The nonzero components V;J;r = g((Ve,J)ej, ex) of the fundamental
tensor VJ on the manifold (M, g,J) are given by

V3Ji2 = —=V3J3y = ViJoz = =V Jiy = %(Bl + B3 — Ay),
(45) Vidsy = =ViJ12 = V3Jaz = —V3Jiy = ?(A4 + B1 — Bz3),
Vadsy = —VaJia = VyJaz = —VyuJiy = ?(32 + By — A3),
ViJiz = —=Vudzs = Vadag = —VaJis = 5(A1 + By — Ba).

Proof. Because of (), ) and (@), we get that the matrix of the fundamental
Kahler form is of the type:

0 B A B
-B 0 B A
(46) (Jzk) = A —B 0 B

-B -A -B 0
Applying the Christoffel symbols T', obtained by (@), (@) and ([I2)), and the compo-
nents of the matrix (@) to equality
Vidik = 0T — T Jar — T Jug,
we calculate the nonzero components of VJ, given in (45]). O

Immediately, we have the following

Corollary 5.2. The components wy = g* F(e;, e, ex) of the 1-form w on the man-
ifold (M, g,J) are expressed by the equalities

1

wi =75 (A(By+ Bz — A3) + B(2B3 — Az — As)),
1

Wo = —D (A(B3 — Bl — A4) +B(2B4 + Al - A3))7

1
w3z = E(A(Al + B4 — B2) + B(—2B1 + A2 — A4)),

1
wi = 35 (A(A; = By = By) + B(~2B2 + A1 + Ay)).

Proof. The equalities ([@7) follow from (@) and ([@H) by direct computations. O
Due to Lemma [5.T] and Corollary we establish the following

Theorem 5.3. The manifold (M, g,J) is a locally conformal Kdhler manifold.

Proof. Using (M), @), (@6), (47) and Lemma [5.1] we obtain

1 - ~ ~ a
(48) Vi Jij =§(gkiwj — Grjwi + Jpi@j — Jii@i), @ = Jfwa.
The latter identity is the local form of (), which is a defining condition of a locally
conformal Kéhler manifold. (|

6. A LIE GROUP WITH A STRUCTURE (g, 5)

Let G be a 4-dimensional real connected Lie group. Let g be the corresponding
Lie algebra with a basis {ej, e, 3,4} of left invariant vector fields. We introduce
a skew-circulant structure S and a metric g as follows:

(49) 561 = —€y4, 562 =e€1, 563 = €9, 564 = €3;

(50) glei,ej) = dij,



where d;; is the Kronecker delta.

Consequently the used basis {e;} is an orthonormal S-basis. Obviously, ()
and () are valid and (g, S) is a structure of the considered type. We denote the
corresponding manifold by (G, g,S). Then the associated manifold is (G, g, J),
where J satisfies

(51) Jer = —e3, Jea = —e4, Jez=ce1, Jes=es.

The real four-dimensional indecomposable Lie algebras are classified by Mubarak-
zyanov ([I0]). This scheme seems to be the most popular (see [2] and the references
therein). We pay attention to the class {g4 5}, which represents an indecomposable
Lie algebra, depending on two real parameters a and b. Actually, it induces a family
of manifolds whose properties are functions of a and b.

According to the definition of the class {g4 5}, we have that the nonzero brackets
are as follows ([2]):

(52) le1,eq] = e1, [e2,e4] = aea, [e3,e4] =bes, —1<b<a<1, ab#0.
The well-known Koszul formula implies

29(v8ieja ek) = g([eiv Ej], Ek) + g([eka 61'], ej) + g([eka ej]a 61')
and, using (B0) and (B2]), we obtain

velel = —€y4, v8164 = €1, v82e2 = —aey,

(53) Ve, €4 = aea, Ves,eq = bes, Ves,e3 = —bey.

Furthermore, with the help of the above equalities we compute the components of
the tensor F' on (G,g,S) and the components of the tensor VJ on (G, g,J). We
find conditions under which F satisfies (IT) and VJ satisfies ().

Proposition 6.1. If g belongs to {g4,5}, then the fundamental tensor F on (G, g, S)
satisfies the property [[H) if and only if the condition a = b =1 holds.

Proof. Bearing in mind (@), @9), (50) and (B3) we get the components Fjji of F,
0; of 6 and 0} of 6* with respect to the basis {e;}. The nonzero of them are the
following:

Fioy = —Fri3 = —Fiz34 = —1, Fiin = —Fuu = -2,
(54) F313 = F330 = F394 = —D, Fy33 = —F344 = 20,
Fy19 = Foy1y = —Fy93 = I3y = —a.

91:—2—a—b, 93:2a—|—b—|—1,
03 =2(1—-b), 6;=—3(2a+3b+3).

By equalities (@), (3)) and ([B0), we find

glei,er) = glea, e2) = gles, e3) = g(es, eq) =0,
(56) glei,e3) = glez,eq) =0,
gler,e2) = glez,e3) = gles, es) = —g(e1,eq) = 1.

Hence (49), (50), (54), (53) and (G6) imply that the condition (6] holds if and only
ifa=b=1. O

(55)

Proposition 6.2. If g belongs to {g4,5}, then (G, g, J) belongs to the class of locally
conformal Kdhler manifolds if and only if the condition a =b =1 holds.



Proof. Bearing in mind @), (50), (5I) and (G3) we obtain the components V;Jjx
of VJ and w; of w with respect to the basis {e;}. The nonzero of them are the
following;:

(57) ViJiz=—=Vidsa =1, VsJ3a =V3Jiu=b, wr=0+1
By equalities (@), @39), (B0) and (&7), we get that the condition ([@8) holds if and
only if a = b= 1. O

Remark 6.3. Obviously, if g is in {g4,5}, then (G, g, J) is not a Kahler manifold.

By virtue of Proposition [6.I] and Proposition [6.2] we immediately have the fol-
lowing

Corollary 6.4. If g belongs to {ga 5}, then the fundamental tensor F' on (G, g, S)
satisfies [[8) if and only if (G, g,J) belongs to the class of locally conformal Kdhler
manifolds.

Next we get

Proposition 6.5. Let (G,g,S) be a manifold with a Lie algebra g from the class
{845}. If a=b=1 are valid, then (G,g,S) is a non-flat Einstein manifold with a
negative scalar curvature T = —12.

Proof. We calculate the components R;jxs of the curvature tensor R with respect
to {e;}, having in mind the symmetries of R and the condition a = b = 1. The
nonzero of them are

(58) Ri212 = Rig14 = Razez = R3s34 = Ri313 = Ras24 = 1.

Using (28) and (B8), we compute the components of p and the value of 7. The
nonzero of them are as follows:

P11 = P22 = P33 = P44 = —3, T=-12
Then, from ([B0), we get p = 7g. Consequently, due to ([40), the manifold (G, g, S)

is Einstein.
O

Remark 6.6. Lie groups with a Lie algebra in {g4,5} are studied in [5] as an example
of 4-dimensional Riemannian manifolds with circulant structures.

An example of a locally conformal K&hler manifold constructed on a Lie group
with a Lie algebra in {g45} is considered in [8]. The metric of the manifold is
indefinite but the condition a = b =1 also exists.

The example of a 4-dimensional Riemannian manifold with skew-circulant struc-
tures, constructed in this section, has similar properties to the above examples.
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